Universal quantum gates based on both geometric and dynamic phases in quantum 

dots 
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A large-scalable quantum computer model, whose qubits are represented by the subspace subtended 
by the ground state and the single exciton state on semiconductor quantum dots, is proposed. A 
universal set of quantum gates in this system may be achieved by a mixed approach, composed of 
dynamic evolution and nonadibatic geometric phase. 
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Quantum computation has been demonstrated to be 
more powerful than classical computation by the algo- 
rithm of the prime factoring of an integer.^ Recently great 
interest has been sparked into the research of quantum 
computation. One of the focus points is how to con- 
struct an experimentally feasible quantum computer to 
do quantum computation task. A universal set of quan- 
tum gates, ^'^ composed of two non-commutable single- 
qubit (quantum bit) gates and one non-trivial two-qubit 
gate, are sufficient to implement an arbitrary quantum 
operation on n qubits.^ How to construct a universal 
set of quantum gates based on experimentally suitable 
physical systems has become a hot topic in the field of 
quantum computation. 

So far, a quite number of quantum computer proto- 
cols have been proposed based on trapped ions, cav- 
ity quantum electrodynamics, superconductor Joseph- 
son junctions, and nuclear magnetic resonance (NMR) 
schemes.^ With the conditions for quantum computation 
so extremely demanding, decoherence, operation error 
and lack of capability to be large-scalable have been the 
main obstacles for their experimental realization.'* 

With the recent development of nanosemiconductor 
fabrication and manipulation, solid-state based semi- 
conductor quantum dots (QDs) have shown to be a 
promising candidate for quantum computation. The na- 
ture of being solid-state based makes QDs large-scalable. 
A number of proposals have been presented based on 
QDs either by using the spins of net charges in QDs, 
the nuclear spins of donor atoms to construct quan- 
tum computers, or by exploiting exciton state space 
for quantum information processing.^ Nevertheless, little 
work has been done in the implementation of a univer- 
sal set of quantum gates in the subspace subtended by 
the ground and single exciton states, at least explicitly. 
In this paper, we show that the above mentioned system 
may be a practical candidate for large-scalable and fault- 
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tolerant quantum computers. The atomiclike discrete ex- 
citonic energy distribution makes QDs highly excluded 
from environment decoherence. Ultrafast manipulation 
and coherent control of excitons on one single quantum 
dot and high spatially resolved microprobing have been 
accomplished experimentally.^'^ The experimental obser- 
vation of Rabi oscillations from excitons confined to sin- 
gle QDs was reported,*" which corresponds to realize a 
single-qubit rotation. Furthermore, optically induced en- 
tanglement is experimentally identified by the spectrum 
of the phase sensitive homodyne-detected coherent non- 
linear optical response.** These experiments demonstrate 
that it is possible to manipulate quantum dot excitons by 
current technology, which is important for quantum com- 
putation. Motivated by these developments, we propose 
an experimentally feasible scheme to accomplish a set of 
universal quantum gates in quantum dot excitons. 

To achieve a universal set of quantum gates, two quan- 
tum mechanical methods are available, one by dynamic 
evolution and the other by geometric operation adiabat- 
ically or nonadiabatrically. Dynamic evolution is uti- 
lized more often due to its more direct and simpler op- 
eration process and higher adaptability to different real 
systems. But this method is vulnerable to decoherence 
from environment noise. Geometrical phase has been 
proposed to be a fault-tolerant approach because it de- 
pends only on the solid angle enclosed by the parame- 
ter path in adiabatic cases or by the evolution curve in 
the projective Hilbert space in cyclic cases. Geometri- 
cal quantum computation*^ based on the adiabatic geo- 
metric phase has been presented using superconducting 
nanocircuits,*'^ NMR,*"* and trapped ions.*^ However, the 
adiabatic condition in these schemes requires long co- 
herent time to complete the evolution, which is a great 
challenge for current solid-state technology. A specific 
nonadiabatic operation was proposed to evade such tight 
restriction.*^ Furthermore, a general scheme for imple- 
mentation of universal quantum gates based on nonadia- 
batic geometric phases has also been proposed.*'' In this 
paper, a mixed scheme, composed of nonadiabatic geo- 
metric phase and dynamic evolution, is worked out to 
achieve a universal set of quantum gates, which to some 
extent can be fault-tolerant and large-scalable. 
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Wc consider a system of TV identical and cquispaccd 
quantum dots similar to that in Ref/, which is radiated 
by long-wavelength classical light without net charges 
contained in each dot. As we restrict at most only one 
exciton is possible to exist in each quantum dot, the for- 
mation of single exciton within the c;orrc;sponding indi- 
vidual QDs and the interdot Coulomb exchange (Forster) 
interaction between a pair of coupled dots can be de- 
scribed in the framework of the rotating-wave approxi- 
mation (RWA) by the Hamiltonian, {h = 1)J 

N 

H{t)='-Y,{4c.-h.ht} 
V ^ 

-— {4hjCjh+ + Kc+h+Ci) 

N N 

+E{t)J24K +E*{t)J2hiCi, (1) 

i=l i=l 

where cf{ci) is the electron creation (annihilation) op- 
eration in the conductive band of the ith quantum dot, 
hj'{hj) is the creation (annihilation) operation for hole 
in the valent band of the jth quantum dot, e is the en- 
ergy band gap of semiconductor dots with the middle of 
the gap being set as zero-energy point, V denotes the 
interdot interaction inducing the transference of an exci- 
ton from one QD to the other and can be experimentally 
controlled very well in a relative large regime from zero 
coupling to the strong coupling regime by using a split- 
gate technique,^* and E{t) describes the effective laser 
pulse shape. Here we have assumed that e in different 
dots are the same. Although e for different QDs fabri- 
cated by self-assembled method are not exactly equal, 
this assumption is still reasonable as its value may be 
slightly modified by a bias voltage Vt independently act- 
ing on each dot.^^ The operators involved in Eq.(l) obey 
the anticommutation rules {cf, cj} = {hf , hj} = 6ij. 

By introducing a new set of operators {Ji+ = cfhf, 
Ji- = hiCi, Jiz — {cfci — hihf)/2} satisfying quasi-spin 
relations: [Ji+, Jj-] = 2SijJiz, [Ji±, Jjz] = T5ijJ±i, Eq. 
(1) can be rewritten as'' 

N ^ N 

H{t) = - ^ E + 

i=l »,3=i 

N N 

+E{t)Y,Ji+ + E*{t)Y,Ji-. (2) 

i=l i=l 

^From this Hamiltonian we start to implement a univer- 
sal set of quantum gates. 

We first address how to realize the single-qubit gate. 
For single quantum dot, the Hamiltonian in Eq.(2) be- 
comes: 

H{t) = eJz + E{t)J+ + E*{t)J-. (3) 



We choose the ground state without exciton and the sin- 
gle exciton state as the basis {|0), |1)} of the computation 
Hilbert space of the qubit. By introducing another set of 
quasi-Pauh operators {X = J+ + F = «(—,/+ + J_), 
Z = 2Jz} with the commutation relations { [Z, X] = 2iY, 
[Y,Z] = 2iX, [X,Y] = 2iZ) and choosing the inci- 
dent laser pulse shape E{t) = Aexp{iuit) with 
the {amplitude, frequency} of the laser respectively, the 
Hamiltonian in Eq.(3) takes the form 

Hit) = ^Z + Acos{ujt)X + Asm{ujt)Y. (4) 

In order to make quantum gates fault-tolerant to some 
extent, we implement nonadiabatic geometric operation 

to achieve single qubit gates in our system. In the pro- 
jective Hilbert space-a unit sphere subtended by {|0), 
|1)}, by taking the incident pulse of laser as the rotation 
field, and the semiconductor energy gap as the constant 
z-component field, there always exist a pair of orthog- 
onal states \ip±) which can evolve cyclically and be ex- 
pressed as {1^-+) = cos(x/2)|0) +sin(x/2)|l), IV'-) = 
-sin(x/2)|0) + cos(x/2)|l)} with x = atan[2A/{e - u)]. 
By taking into account of the cyclic evolution, we have 
one simple relation C/(t)|^±) = exp(±i7)|^±), where ±7 
are the total phases accumulated in the cyclic evolution 
of the orthogonal states \ip±) respectively. For an arbi- 
trary initial state as = a+\tp+) + a_|^_), the final 
state after a cyclic evolution of time r = 27r/a; is found 
to be 1^'/) = U{x,'y) \ where U{x,'y) is given by^'^ 

/ e^^ cos^ ^ -|- e~^^ sin^ ^ i sin x sin 7 \ 
z sin X sin 7 e''^ sin^ ^ + e"*''' cos^ ^ J ' 

Even though U{x,"/) is achieved by the phase composed 
of nonadiabatic geometric phase and dynamic phase, we 
can remove the dynamic phase using the methods de- 
scribed in Ref.^", and the geometric quantum gates may 
be realized. For different values of {Xj7}, C^(Xi)7i) 
and J7(x2,72) are noncommutable except for the case 
sin7i sin72 sin(x2 — Xi) = 0- Since {Xj7} depend only 
on the amplitude of the incident pulse of laser which can 
be adjusted as a continuum, and the symmetric axis of 
the Hamiltonian in Eq. (4) can be modified by changing 
the effective field, we are able to achieve arbitrary sin- 
gle qubit gate. As this kind adjustment is relative easy 
and convenient, such scheme is experimentally feasible. 
Two well known universal single-qubit gates defined by 
Uzhz) = U{0, -7./2) and Uxh.) = U{7t/2, -7/2) may 
be realized, where —jx 2/2 are geometric phases accumu- 
lated in the evolution. 

We then address the implementation of two-qubit gates 
in the system. Two coupled QDs without the incident 
laser are considered. The coupling between the two cou- 
pled QDs plays the key role to generate entanglement. 
Using the set of quasi-Pauli operators {X, Y, Z} intro- 
duced previously, the Hamiltonian described in Eq.(2) 
now takes the form'' 
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H{t) = -{Z^(^h + h 



Z2) - V{X^ <S)X2 + Y^<S) Y2) 



(5) 



with 7 a 2 X 2 unit matrix. For this specific physical 

system, it does not seem to be feasible to work out a 
two-qubit gate by conditional geometric phase shift, and 
thus we use dynamic evolution to achieve a two-qubit 
iSWAP gate. In the computation space subtended by 
{|00) , |01) , |10) , |11)}, Eq.(5) can be rewritten in a ma- 
trix form as 



H = 






Vo 






-IV 






-2V 





(6) 



With the eigenstates {|00),(|01) + |10))/V2, (|01) - 
|10))/-\/2, |11)}, the evolution operation is derived ex- 
actly as 



( e-^^^ 

cos(-2yt) isin(-2W) 
isin(-2Ft) cos(-2Ft) 



V 











Simply by setting te = Ik'K and Vt = nm — tt /4, with fc, m 
positive integers, we obtain an appropriate elementary 
two-qubit iSWAP gate C/'^ as 



/ 1 \ 

i 

i 

\ 1 / 



(7) 



By applying the iSWAP gate twice, the famous CNOT 
operation U'-'^ can be achieved^^ 



U 



CN 



U 



(2) 



iS 



(8) 



(up to an irrelevant overall phase) where j in t/^^-* {j = 
1, 2) denotes the single-qubit gate acting on the jth qubit. 
Therefore we have presented a scheme to achieve a uni- 
versal set of quantum gates successfully. It is worth 
pointing out that additional phase shifts should be taken 
into account because the eigenstates of the Hamiltonians 
presented here are nondegenerate even at idle periods. 
This is one common issue implied in many quantum com- 
puter models and may be solved by controlling time with 
high accuracy concerning the start time and time span 
of any quantum operation. 

Considerable research efforts have been paid to design 
quantum computers using QDs. Some schemes^'^ based 
on spin manipulation in QDs generally have the advan- 
tage of the long decoherence time of spin freedom with a 
upper limit up to I-IOO/US, which is much longer than that 
of charge freedom,^ However, these schemes often depend 



on the deliberately chosen isotropic spin-spin interaction 
models while an anisotropic interaction induced by spin- 
orbit coupling is inevitably present in a practical system. 
Also a scheme to make use of anisotropic interaction was 
proposed, but additional pulses with a modest constant 
factor arc necessary. Some other schemes^^'^^ have pur- 
sued to implement quantum information processing in a 
subspace subtended by the ground, single exciton and 
multiexciton states in single QD, and take this subspace 
as a two-qubit information register. However, to combine 
two logic qubits with absolutely different state spaces into 
one physical register might be neither large-scalable nor 
convenient to transfer and manipulate quantum informa- 
tion. Furthermore, as the multiexciton state is of higher 
energy, high excitation density is needed. It may lead 
to a shorter dephasing and relaxation time due to the 
phonon-scattering and delocalization of exciton states. 
Being different from them, in our scheme, the subspace 
is only subtended by the ground state and the single ex- 
citon state. Thus the states in every quantum dot is ho- 
mogeneous, and the interaction is an effective isotropic 
one. The dephasing time tj, of the single exciton state 
is about 40ps.'' The number of operation that can be 
completed within may be estimated as follows. The 
common parameter V" ( e ) is about O.leV (1.4 eV ) 
for GaAs QDs,^'^^ and the operation span is mainly de- 
termined from the longer time factor which is about 
Ty ~ h/V ~ lO/s. Thereby the number of gate oper- 
ations should be Td/r^ ~ 10^, which is large enough to 
demonstrate some typical quantum algorithms. As the 
highly localized laser pulse, the external field and the 
coupling between any two neighboring quantum dots can 
be controlled independently, the extension of our scheme 
to an array of N quantum dots should be possible. More- 
over, at the end of the quantum computation, the readout 
of a single exciton in QD can be achieved with high de- 
tection efficiency by photoluminescence and various high 
resolution microprobing methods. All these make our 
scheme experimentally feasible. 

In conclusion, we propose a feasible scheme to con- 
struct a promising quantum computer. The advantages 
of our scheme are: decoherence effects may partially 
be suppressed by geometric quantum gates, and the 
large-scalability for quantum computation may be ac- 
complished from QDs inherent solid-state feature. 
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